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Abstract

Emotions have been demonstrated to be an important 
aspect of human intelligence and to play a significant 
role in human decision-making processes. Emotions 
are not only feelings but also processes of establishing, 
maintaining or disrupting the relation between the orga-
nism and the environment. In the present paper, several 
features of social and developmental Psychology are 
introduced, especially concepts that are related to Theo-
ries of Emotions and the Mathematical Tools applied in 
psychology (i.e., Dynamic Systems and Fuzzy Logic). 
Later, five models that infer emotions from a single 
event, in AV-Space, are presented and discussed along 
with the finding that fuzzy logic can measure human 
emotional states.
Keywords: theory of emotion; emotions; dynamic sys-
tems; fuzzy logic.

Resumen

Se ha comprobado que las emociones son un aspecto 
importante en la inteligencia humana y que desempeñan 
un rol significativo en el proceso humano de toma de de-
cisiones. Las emociones no son solo sentimientos, sino 
también procesos de establecimiento, mantenimiento o 

interrupción de la relación existente entre el organismo y 
el ambiente. En el presente trabajo se describen algunas 
características de la psicología social y del desarrollo, 
especialmente los conceptos relacionados con las emo-
ciones y las teorías de la emoción, así como las herra-
mientas matemáticas aplicadas en la psicología (i. e., 
sistemas dinámicos y lógica difusa). Luego se presentan 
y se discuten cinco modelos que infieren la emoción 
a partir de un evento, en el espacio Arousal-Valence  
(A-V), para encontrar que es posible usar la lógica difusa 
para medir los estados emocionales humanos.
Palabras clave: teoría de la emoción; emociones; sis-
temas dinámicos; lógica difusa.

Resumo

Se tem comprovado que as emoções são um aspeto im-
portante na inteligência humana e que desempenha um 
papel significativo no processo de tomada de decisões 
humano. As emoções não são só sentimentos, mas 
também processos de estabelecimento, manutenção 
ou interrupção da relação existente entre o organismo 
e o ambiente. No presente trabalho descrevem-se al-
gumas características da psicologia social e do desen-
volvimento, especialmente os conceitos relacionados 
com emoções e as teorias da Emoção e as ferramentas 
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matemáticas aplicadas na Psicologia (i.e., Sistemas 
dinámicos y Lógica difusa). Após, se apresentam e se 
discutem cinco modelos que inferem a emoção a partir 
de um evento, no espaço Arousal-Valence (A-V), en-
contrando que a lógica difusa pode usar-se para medir 
os estados emocionais humanos.
Palavras-chave: teoria da emoção; emoções; sistemas 
dinâmicos; lógica difusa.

Studying emotions is important for a number 
of reasons: first, emotions are the most unpredic-
table aspect of a person but also a common aspect; 
second, an emotion shows the way that a person 
perceives the world; and third, because there are 
several sciences that are interested in understan-
ding how the human brain works and emotions 
have been demonstrated to be an important aspect 
of human intelligence that plays a significant role 
in human decision-making processes.

Experience has demonstrated that the emergen-
ce of new points of view in science is preceded by 
a period of deep professional insecurity and that 
if a crisis appears, the reason is that it is time to 
redesign the tools (Redorta, Obiols, & Bisquerra, 
2006). In the study of emotions, the large body of 
theories, the broad field of study, the current boom 
and the difficulties of parameterizing the emotions 
suggest that it is the moment for obtaining new 
answers from using new tools such as systems 
theory, Ethology, Organizational approaches and 
neuroscience (Campos, Campos, & Caplovitz, 
1989), which will allow the proper development 
of Psychology.

This research attempts to show the advantage 
of studying Psychology with tools from the ‘hard’ 
sciences and that some tools can be improved or 
redesigned using Psychology theories because of 
the information about human thinking that these 
theories have developed. The question to address 
is the following: Can two completely different 
branches of knowledge, such as mathematics and 

psychology, be studied and applied together for the 
benefit and growth of both?

The present paper commits to identifying the 
structure of emotions by reviewing the concept of 
emotion and the main theories, to propose a model 
to identify the emotion that governs a person accor-
ding to an event. This paper investigates mathema-
tical tools for measuring human emotional states in 
social and developmental psychology. In particular, 
some fuzzy clustering techniques and the concept 
of Russel’s AV-Space are applied to estimate the 
emotional state of a person with respect to a single 
event. In the experimental evaluation, the results 
show that this approach is effective for measuring 
human emotional states by using mathematical 
tools, clustering techniques, and the concept of 
Russel’s AV-Space.

In the section entitled “Theoretical Framework”, 
the theoretical framework of Dynamical Systems, 
Social Psychology, Theory of emotions, and Fuzzy 
Logic appears. The section entitled “Previous Stu-
dies” aims to show a brief review of the state-of-
the-art in Dynamic Systems and Artificial Intelli-
gence, as applied to emotions. The “Methodology” 
section describes the methodology that is followed 
to reach the aim of this work. In the section en-
titled “Results”, the results are presented and the 
models are proposed, and finally, in the “Discus-
sion” and “Conclusions” section, there is a discus-
sion of the results and the relevant aspects of this  
research.

Dynamical Systems and Social 
Psychology

A dynamical system is a mathematical object 
that describes interactions between states and their 
evolution over the time (Velasco, 1999; Beer, 2000; 
Van Geert & Steenbeck, 2005).

The theoretical basis of dynamical systems co-
mes from the ‘hard’ sciences, such as mathematics 
and physics, among others; however, the systems 
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approach has shown to have a high number of inter-
disciplinary aspects, which enables a large number 
of applications in other fields of knowledge. A dy-
namic systems approach has been proven in many 
applications, especially in economics, biology and 
sociology, where this approach has led to new and 
useful ideas.

A conceptual transposition between different 
areas of knowledge can be explained by the scien-
tific rationality principle, which declares that the 
same laws and principles operate in the universe, 
and it is the basis of systems theory, which aims 
to unify science’s rules (García, Talavera & Gon-
zález, 1997).

Following this line of thought and assuming that 
systems theory reached its objective of unifying 
science’s rules, one could argue that because psy-
chology is a science, then psychology postulates 
can be studied with a systemic approach to provide 
new and good answers to old questions (Puche, 
2009); nonetheless, before making this statement, 
we must account for the peculiar features that dis-
tinguish psychology from the other sciences.

Luce (1997) and Van Geert (1994, cited by 
Puche, 2009) described Psychology’s features, 
which hinder any mathematical approach to psy-
chology: First, the study subjects have individual 
differences, and then, it is impossible to reproduce 
change because there is no way to erase what has 
been learned from an experience, and finally, some 
psychological aspects cannot been generalized with 
statistics because they fail Quetelet’s assumptions 
(especially the first of Quetelet’s premises: The 
causes are proportional to the effects) (Van Geert, 
1994). Similarly, studies were based on the cau-
se-effect direct relation, but reality is not consis-
tent with this premise because individuals present 
different behaviors in response to the same cause; 
indeed, the plot thickens to the point that each indi-
vidual can present different behaviors in response 
to the same cause under different circumstances. 
Certainly, similar to Mathematics in the nineteen-

th century with Poincare’s studies, Psychology is 
passing from linear to non-linear thinking. For this 
reason, Dynamical Systems applied to Psychology 
could present a new vision that is more in line with 
reality (Castro, Sierra, & Flórez, 2012).

Emotions

“The word ‘emotion’ is used to designate at 
least three or four different kind of things” (Ryle, 
1949, p. 83). There is little information about what 
emotions are; the boundaries to the domain of what 
experts have called emotion are so blurry that it 
sometimes appears that everything is an emotion. 
They do not agree on what is and what is not (Rus-
sell & Feldman-Barret, 1999).

A few years ago, studying emotions appeared 
to be irrelevant because rationalism eliminated 
all of those aspects that were considered to be 
irrational or those that generated difficulties in 
parameterizing them, and clearly, emotions fit 
into both categories (Redorta et al., 2006; Castro, 
2011). Additionally, experts did not think about a 
subjective feeling state as a component of emotion; 
however, with respect to the emotion itself, this idea 
was consistent with Layman’s implicit theory of 
emotions, common linguistic allusions to feelings 
and classical theories of emotion such as James’ 
or Cannon’s theories. Therefore, a hypothesis of 
measurability and a structuring of the emotions 
appeared to be untestable with this approach (Cam-
pos et al., 1989).

Recently, the relevance of studying emotions 
was discovered, when it was proven that emotions 
are an important aspect of human intelligence and 
play a significant role in the human decision-ma-
king process (El-Nasr, Yen, & Loerger, 2000). 
It can be concluded, then, that emotions are not 
only feelings but also the process of establishing, 
maintaining or disrupting the relation between 
the organism and the environment (Campos et al., 
1989), i.e., emotions are responses to an internal 
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or external occurrence that has a function (Redorta 
et al., 2006).

This new approach of how emotions are per-
ceived renders the study of emotions incomplete 
(Campos et al., 1989). For this reason, it is impor-
tant to study the structure of emotions (Russell & 
Feldman-Barret, 1999), work on emotional alpha-
betization and regulation (Redorta et al., 2006) 
and reach a consensus between different theories 
(Vallacher & Nowak, 1993), both for psychology’s 
development and for personal evolution, brain 
understanding and artificial intelligence machine 
building.

The concept of emotion

It has already been mentioned that emotions 
appear to be an answer to an internal or external 
event. Basically, emotions have four fundamental 
aspects: subjective, biological, functional, and so-
cial. Responses to an event are going to be related 
to at least one of these aspects.

Figure 1 shows the concept of emotion. There 
are four elements that allow conceptualizing an 
emotion: (1) Event, which could be internal, such 
as a previous emotional state or a change in reality’s 
perception or an external event that is an abnormal 
occurrence perceived by the senses; (2) Appraise-
ment, when the subject measures the relevance and 
utility of the event, as affecting the individual, and 
the resources to face it (3) The answer, which has 
three components: the physiological component, 
which are involuntary biological answers that are 
impossible to control; the behavioral component, 
which is associated with the memory of previous 
events and the human-learning process, i.e., ac-
cording to the event perceived, there is going to 
appear a characteristic behavior to those similar 
events and the cognitive component, which is the 
feeling itself, and (4) Action

According to Frijda (1986), this diagram can be 
extended to explain the emotion process as shown 
in Figure 2.

Event

1 2 3 4

Appraisement Components Action

Figure 1. Concept of emotion
Source: Redorta et al. (2006).

Event

Analyzer

Comparator

Diagnoser Regulation

Evaluator

ActionProposer

Physiological Behavioral Cognitive

Figure 2. The emotion process
Source: Frijda (1986).

From figures 1 and 2, it can be deduced that 
there is an important relation among judgment, 
emotion and action: a thought generates an emo-
tion, which predisposes to action, which changes 
the thought. It is important to understand that a 
human’s rational aspect is weaker than the emotion 
aspect and that emotions have intensity degrees, 
and thus, when an emotional answer is generated, it 
is almost impossible to change the emotional state 
until the intensity is low, and to make this process 
lower the intensity faster, an emotion might be 
generated that is opposite to the first.
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Classification of emotions

It should be evident that waiting for a consensus 
on how experts classify emotions should be quite 
unrealistic currently because the study of emo-
tions is still incomplete. However, there is some 
acceptance of classifying emotions according to 
the emotion function, i.e., depending on the goal 
that each emotion has, as an adaptive, a motivatio-
nal, an informative or a social emotion. According 
to the evaluation of the event with regard to their 
own welfare (Redorta et al., 2006) as negatives or 
positives, it must be considered that an emotion 
is not necessarily good or bad and that there also 
exists “ambiguous” or “grey” emotions, such as 
surprise, hope or compassion. Finally, emotions 
could be classified according to the “universality” 
as basic or secondary. However, the definition of 
which emotion is basic or not generates considera-
ble controversy in the literature because each author 
proposes his own prototypical emotions list that is 
comprised of 2 to 18 basic emotions. There is still 
substantial agreement on Anger, Displeasure, Fear, 
Happiness, Sadness and Surprise as basic emotions 
(Peter & Herbon, 2006).

Despite the differences, some authors prefer to 
say “rather than an emotion, as a static chamber, as 
in a family of emotions, as communicating vessels, 
assuming that somehow there is a continuum be-
tween emotions and states” (Redorta et al., 2006, 
p. 36). In Appendix A, there is a chart that shows 
the prototypical emotions and their families, some 
features and the function of each emotion.

Theory of emotions

Current theories of emotions can be grouped 
into theories that focus on how emotions arise and 
how they are perceived and theories that focus on 
the emotion’s structure and how emotions could 
be categorized (Peter & Herbon, 2006). For bo-
th approaches, there is a number of possibilities, 
and again, there is no agreement among authors; 

however, some authors consider that these pos-
sibilities are actually complementary instead of 
opposite and explain different aspects of the same 
phenomenon (Russell & Feldman-Barret, 1999).

The theories that focus on how emotions arise 
and are perceived appear on Table 1. There is no 
agreement between the biological and cognitive 
components, the number of emotions and the re-
lation between motivation and emotion.

Table 1 
Theories that focus on how emotions arise and are 
perceived

Approach Focuses on…

Evolutionist Emotions expression

Psycho-physio-
logical Corporal changes and consciousness

Neurological Three sets of emotional responses 
(cognitive, physiological and motor)

Dynamical Psychoanalysis and its premises

Behavioral Human-learning process

Activation Physiological changes as intensity 
indices

Cognitive Appraisal of the situation, previous 
expectations, goals and rules

Source: Redorta et al. (2006).

The theories that focus on the structure of an 
emotion have two main approaches: the discrete 
approach, which is based on the existence of uni-
versal basic emotions (a review of the seven main 
suggestions of the discrete approach is presented in 
Appendix B), and the dimensional approach, which 
is based on the idea that emotions are not indepen-
dent but instead are correlated in some specific way 
and, in the proposal, that emotions could be defined 
by the “Valence/Evaluation/Pleasure-Displeasure/
Positivity and the Arousal-Sleepiness/Tension-Re-
laxation axes” (Peter & Herbon, 2006). There are 
two main suggestions of the dimensional approach: 
The circumplex model and the hierarchy model 
(Russell & Feldman-Barret, 1999).
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Arousal – Valence Space

The main problem for structuring emotions is 
language because there are some emotion words 
that have different meanings in different countries; 
nevertheless, structuring emotions means implicitly 
the emotion words, which is why the categories are 
different in different cultures. Affect means “the 
emotion represented in language as a word”, and 
the dimensional approach means that the circum-
plex or the hierarchy model attempts to find the 
affect space.

Many studies have found evidence for mono-
polar factors; however, those studies have been 
proven to be biased because of the response format, 
the acquiescence, the inadequate sampling, and 
other factors (Russell, 1979). For this reason, some 
authors think that rather than discrete structures, 
emotions are not independent and are correlated in 
a systematic way (Russell, 1980).

Even when there are spaces that are proposed 
in the literature that have three or more dimensions 
(Russell, 1979), there is an agreement in Valence 
and Arousal (Russell, Weiss, & Mendelsohn, 1989). 
Valence is the evaluation of the emotions: Positi-
ve-negative or pleasure-displeasure, and Arousal 
is the degree of activation: arousal-sleepiness or 
tension-relaxation. Every two-dimensional model 
has these basic bipolar dimensions even when the 
structure varies, for example, Lang (1995) propo-
sed a hierarchy model of Arousal/Valence using 
percentages. On the other hand, Russell (1980) 
based his model on Schlosberg’s proposal (1952) 
of organizing emotions around a circle and in 
Layman’s representation of the emotions because 
the boundaries of the emotions are fuzzy. Figure 3  
shows Russell’s Circumplex Model of Affect.

Nevertheless, this approach is not very far from 
the discrete approach. In 1999, Russell and Feld-
man Barret focus on the study of two types of emo-
tions, to blend both approaches: the prototypical 
emotions (Discrete approach) and the core affect 
(Dimensional approach). They clarify that emotions 

cannot be divided into core affect and prototypical 
emotional episodes, but some emotion could refer 
more to one than the other. Figure 4 shows a model 
that blends the prototypical emotions and the core 
affect: the inner circle shows a schematic map of 
the core affect, and the outer circle shows where 
the main prototypical emotions fall.

Fuzzy logic

Concepts. Fuzzy logic provides a solution for 
problems that are characterized by handling mul-
ti-valued values that are typical of human thought; 
it is a method for specifying real problems in pro-
babilistic terms without resorting to a mathematical 
model and with a higher level of abstraction.

Fuzzy logic is characterized by naturally hand-
ling imprecision and conceptual simplicity, besides 
the use of linguistic expressions that are associated 
with numerical data. It has been mathematically 
proven that it works with no linear processes and 
that there are many applications in control desig-
ning, prediction of time series, data mining, and 
other subjects.

Arousal

Sleepiness

Displeasure Pleasure

distress excitement

contentmentdepression

Figure 3. Russell’s AV-Space
Source: Russell (1980).
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Every fuzzy model has four key elements: First 
is the Universe of discourse, which is the domain 
of the variable. Second is the variable that is under 
study, and third is the membership functions μf (x) 
→ [0,1], which allows, through the membership 
degree, to determine the associated linguistic term, 
which is the last element.

Membership functions are fuzzy sets and are 
defined by the expert using knowledge or experi-
mentation with a variety of algorithms that allow 
constructing the membership functions, such as 
clustering algorithms. The literature describes 
many shapes for the membership functions, with 

triangular and trapezoidal shapes being the most 
common. The assignment of the form of the func-
tion is subjective in nature but is not arbitrary.

Finally, the membership functions are defined in 
a data base that is the knowledge base of the fuzzy 
system. To build the inference, fuzzy logic uses the 
operators of bi-valued logic, specifically, AND, OR 
and NOT, but the definition of those operators is 
through a function’s family that is fulfilled with a 
norm. According to the operator, there are two nor-
ms defined: the s-norms and the t-norms. Figure 5  
provides an example that shows the four elements 
of a fuzzy system.

ACTIVATION

UNPLEASANT

DEACTIVATION

PLEASANT

tense

nervous

stressed

upset

sad

depressed

lethargic

fatigued

calm

relaxed

serene

contented

happy

elated

excited

alert

Happiness

Sadness

Disgust

Anger

Fear

Surprise

Figure 4. Model blending prototypical emotions and core affect
Source: Russell and Feldman Barret (1999).



 

212 

Susana Mejía M., Olga Lucía Quintero M., Jaime Castro M.

Avances en Psicología Latinoamericana / Bogotá (Colombia) / Vol. 34(2) / pp. 205-232 / 2016 / ISSNe2145-4515

1

2

3

4

Low

X

µ(h)

Medium High

Figure 5. Example of a linguistic variable X with three 
linguistic terms
Source: Correa (2004).

There are several ways to employ fuzzy logic 
in the modeling of systems (Babuska, 1998); one 
method is using rule-based fuzzy systems, in which 
relationships between variables are represented by 
rules of the form

if < Antecedent < then < consequen > (1)

In rule-based fuzzy systems, the membership 
functions are defined with both a rule base and a 
data base. To make an inference in a rule-based 
fuzzy system, fuzzy logic uses a modification of 
the inference rules that use bi-valued logic: The 
Modus Ponens rule, the Modus Tollens rule and the 
Hypothetical Syllogism. In addition, in rule-based 
systems, the membership functions are defined with 
both a rule base and a data base, and there are com-
ponents that transform the inputs and the outputs. 
The inputs are transformed to fuzzy values in the 
fuzzifier, to be processed in the inference engine, 
and the outputs are converted again to return a 
specific value from the defuzzifier.

According to the structure of the consequent, 
three types of fuzzy inference systems (FIS) ba-
sed on rules are distinguished: the linguistic fuzzy 
model or Mamdani’s model (1977), where both the 
antecedent and the consequent are fuzzy proposi-

tions, the fuzzy relational model or Pedrycz’ model 
(1984), which can be regarded as a generalization 
of the linguistic model with some mild modifica-
tions, and the TS model (Takagi & Sugeno, 1985), 
where the consequent is a function (it is evident 
that, in the TS fuzzy model, there is not a defuzzi-
fier component). Figure 6 provides a diagram that 
shows the structure of a generic FIS based on rules.

Fuzzy Inference 
Engine

DefuzzilierFuzzilier

Rule 
Base

Data 
Base

Knowledge base

yu

Figure 6. Generic fuzzy system with fuzzification and 
defuzzification units
Source: Babuska (1998).

Clustering data techniques. Above, it was 
already mentioned that the membership functions 
are defined by the expert using knowledge or using 
the data and algorithms that allow the construction 
of the functions with the fuzzy clustering data te-
chniques.

The aim of clustering data is to divide the data 
into classes in such a way that the elements in a 
class are similar and the elements between classes 
are dissimilar. In fuzzy clustering data techniques, 
the data can belong at a certain level to more than 
one cluster, and a membership function can be built 
for each cluster.

Similar to bivalued logic, which uses graphs 
such as dendrograms and criteria such as the closest 
neighbor, maximum savings or sweep method, to 
make a ‘hard’ partition, multi-valued logic uses 
a variety of fuzzy clustering data techniques that 
include the c-means technique, introduced by Jim 
Bezdek (1981), in which data points that populate 
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some multidimensional space are grouped into a 
specified number of clusters, the subtractive te-
chnique, in which data points are clustered in an 
optimal way according to some parameters such as 
the acceptance ratio or the influence range (Chiu, 
1994), and finally, the adaptable method, in which 
the distance used to calculate the clusters is not 
fixed. The notion, then, is to find the membership 
functions that are behind the data to create the fuzzy 
inference system.

Adaptive Neuro-Fuzzy Inference System. 
An Adaptive Neuro-Fuzzy System (ANFIS) is one 
of the best trade-offs between neural and fuzzy 
systems. It integrates the best features of Fuzzy 
Systems, the representation of prior knowledge 
into a set of constraints, and Neural Networks, the 
adaptation-using learning algorithms, to identify 
the parameters of the membership functions that 
allow the system to ‘learn’ from training data. De-
signed by Jang (1993), ANFIS is applied to models 
to explain past data and predict future behavior 
(Bonissone, 2002).

Previous studies

Dynamical systems and social psychology. 
It is generally agreed that dynamical systems are 
a developing useful basis for studying psycho-
logy; however, what has generated dissent is the 
approximation of the study. Table 2 presents the 
main authors, who have dedicated their research 
to the systemic analysis of Psychology.

Thelen (Bloomington’s approach), for exam-
ple, uses the concept of systems theory to define a 
development theory by analogy; for example, an 
“attractor”, which in systems theory is an ordained 
element of high stability surrounded by instability, 
in Thelen’s theory is a conduct that is defended 
by the individual and the behavior that will tend 
toward it. In contrast, Van Geert (Groningen’s 
approach) prefers to exploit the heuristic produc-

tivity of classical models, adapting those models 
according to the subject of the investigation (Cas-
tro, Sierra, & Flórez, 2012).

Lewis (2000) and Fischer (2006) share the idea 
that development comes from emotions, neuro-
logical functioning and psychopathology, to find 
pattern emergence, but Lewis’ work is based spe-
cifically on the study of stability and change points 
while Fischer focuses on the study of variability 
and instability.

Finally, there is Vallacher and Nowak (1993), 
whose research is to focus on social psychology 
instead of developmental psychology, for which 
the differences in the research are explained abo-
ve. Their research has been to focus on motivation 
theory and the existence of opposite forces in hu-
man socialization processes.

Models of emotions in Artificial Intelligence. 
Throughout the history of Artificial Intelligence 
research, many models have been proposed to 
describe the human mind (El-Nasr et al., 2000). 
Fuzzy logic was one of the first tools that was ex-
ploited to develop computational emotion models 
to represent different aspects of emotions.

Table 2 
Main researchers of dynamical systems in Psychology

Author Thematic Features

Thelen Infant development wi-
thout social interaction

Analogies
Self-organization
Emergence

Van Geert

Infants’ language, 
social interaction, 
emotional intensity, 
cognitive growth

Classical models
Mathematical mo-
deling
Iteration 

Lewis Emotions, neurological 
work, psychopatholo-
gy, pattern emergence

Stability, transition 
points

Fischer Variability, insta-
bility

Vallacher 
and Nowak

Motivation theory, 
opposite forces
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Yanaru (1997) used fuzzy inferences to define 
emotion while a person is reading a poem, using 
the 8 prototypical emotions proposed by Plutchik 
(1980). As a feature to highlight, Yanaru’s system 
used the previous emotional state to infer the new 
emotional state.

El-Nasr et al. (2000) proposed a fuzzy model to 
generate emotions in a virtual pet, to make it more 
credible, focusing on the behavioral and cognitive 
components of emotion in such a way that the pet 
could make its own decisions, while accounting 
for the goals and learning from previous expe-
riences using reinforcement. This article shows 
the application of emotion fuzzy models to the 
HCI (Human-Computer Interaction or affective 
computation; Rairán, 2010), to make it easier to 
develop contact between humans and machines.

Mandryk and Atkins (2007) provides a method 
for quantifying emotional states during interac-
tion with play technologies, using the physiolo-
gical component of the emotion, mapping from 
physiological measures to Arousal-Valence and, 
then, from Arousal-Valence to five emotions. This 
work proves that fuzzy logic could be useful to 
test people’s acceptance to new products, and it 
also proves that fuzzy logic could measure human  
emotional states.

Methodology

Dynamical approach

Figure 7 shows the system that explains the 
emotion’s estimation as a dynamic system. It was 

built by collecting the concept of emotion explai-
ned in Figure 1, the AV-space introduced above and 
the perspective of emotions as dynamic systems.

Note that only the cognitive component appears 
because the behavioral and physiology components 
are beyond the scope of the present paper. To delve 
into these components of emotion and its applica-
tion in models, the reader can refer to El-Nasr et 
al. (2000) or Mandryk and Atkins (2007).

AV-Space

The space that is used to cluster, map and 
analyze the emotions with fuzzy logic is a mo-
dification of Russell’s circumplex model (Rus-
sell, 1980). In his investigations, Russell utilized 
three statistical techniques to distribute 28 emotion 
words along AV-Space: Unidimensional Scaling, 
Multidimensional Scaling and Ross’ direct circular 
technique (Ross, 1938).

To unify Russell’s investigation results, the 
three techniques’ results were averaged. The new 
space is presented in Figure 8. The 28 emotions 
with their angles (in degrees), using the techniques 
applied by Russell, and the angles that require ave-
raging are presented in Appendix C.

Clustering and membership functions

In the beginning, the idea was to map from 
Arousal-Valence to the eight prototypical emo-
tions described by Plutchik (1980); as a result, the 
fuzzy c-means technique was used to create eight 
clusters (one for each emotion). Nevertheless, the 

Event

Component
X

Cognitive Emotion

Figure 7. Dynamic approach of the emotions estimation over a single event
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subtractive method defined the optimal number 
of clusters for the unified AV-Space as 5, using an 
acceptance ratio of .5.

To compare the subtractive and c-means results, 
the c-means technique was used to create five clus-
ters; however, even when the answers were closer, 
there were two clusters that were far away from 
each other. To avoid this situation of a subtractive 
accounting for a group of data and c-means being 
different, it was decided to add another cluster for 
each method. Thus, the c-means was calculated to 
create six clusters, and the subtractive used an ac-
ceptance ratio of .4. Using these parameters, both 
techniques yield equal outcomes, and the center 
for each cluster appears in Table 3. To simplify the 
explanations below, each cluster is named accor-
ding to an emotion.

Table 3 
Information about the Cluster centers

Cluster Center Name

1 (4.7, –2.2) Calm

2 (–2.7, 4.3) Frustration

3 (–4.5,–2.5) Depression

4 (4.7, 1.9) Happiness

5 (1.3, 4.9) Excitement

6 (–0.7,–5) Boredom

Figure 9 shows a comparison between the fuzzy 
c-means for eight (x), six (triangle) and five (squa-
re) clusters and also subtractive clustering with the 
parameter of the acceptance ratio taking the values 
of .5 (diamond) and .4 (triangle). Figure 10 shows 
the six clusters that were found.

–6

6
A

ro
us

al

3

17

4

18

5

19

6

–20

7

21

8

22

9

23

10

24

11

25

12

26

27

28

13

14

15

16

2

1

Valence

–4

4

–2

2

0
0

2

–2

4

–4

6

–6
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Figure 10. Cluster centers found using subtractive 
clustering (acceptance ratio = .4) and fuzzy c-means 
(number of clusters = 6)

As mentioned in the above explanation of fuzzy 
clustering techniques, the notion here is to find 
the membership functions. Figure 11 shows the 
membership function for the cluster that represents 
‘calm’, which was calculated using the Matlab 
command findcluster.

Figure 11. Calm’s membership function

Proposed models

Five models were proposed for modeling emo-
tions from Arousal and Valence: a model to de-
termine the strongest emotion that is felt by the 
person (called the Strongest Emotion model and 
based on a model used by Mandryk and Atkins to 
determine emotions while playing an interactive 
game), a Mamdani’s model and a Takagi-Sugeno’s 
model (both called a rule-based FIS because of the 
structure of their respective rules), which calculates 
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the angle and the intensity of the emotion and two 
ANFIS using a grid partition and a fuzzy cluste-
ring technique.

Strongest Emotion model: This model attempts 
to infer emotions from the values for Arousal and 
Valence, with respect to the six emotions that are 
defined by the clusters. In this approach, the mo-
del has two inputs (Arousal and Valence) and six 
outputs (Boredom, Calm, Happiness, Frustration, 
Excitement and Depression).

The fuzzy inference system is presented in Fi-
gure 12. This model is composed of 35 rules that 
were determined by the author based on knowledge 
and a deeper investigation, and the membership 
functions for the inputs and the outputs, which are 
the same for each input and output, are presented 
in Figure 13.

Mamdani’s model: This model is composed of 
two Fuzzy Inference Engines: the first FIS models 
the emotion forms Arousal and Valence to an angle 
in AV-Space using 48 rules. The second FIS models 
the intensity of the emotion from Arousal and Va-
lence using 44 rules. Both rule bases are presented 
in Appendix D. The membership function for the 
inputs (Arousal and Valence) and the Angle output 
are the membership functions that are found using 
the clustering techniques; for the intensity, the 
membership functions are defined by the author 
because the data used to map the space has the 
same intensity; thus, there were no clusters to find 
using clustering techniques. Figure 14 shows the 
membership functions that were used—in the order 
followed by the quadrants of a plane: (i) arousal, 
(ii) valence, (iii) intensity, and (iv) angle.

Mamdani

(mamdani)

35 rules

Calm (4)

Excitement (4)

Happiness (4)

Frustration (4)

Depression (4)

Boredom (4)

Arousal (6)

Valence (6)

Figure 12. Strongest Emotion Fuzzy Inference System.
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Takagi Sugeno’s model: Takagi-Sugeno’s model 
is similar to Mamdani’s model (explained above), 
but the consequent is a linear function. Neverthe-
less, the FIS structure, the membership functions 
for the inputs and the rules are the same as those 
specified for Mamdani’s Model.

ANFIS: The main reason for performing Mam-
dani’s model and Takagi-Sugeno’s model as two FIS 

with two inputs and a single output and not as a sin-
gle FIS with two inputs and two outputs is to allow 
comparisons between both models and the ANFIS 
models because ANFIS uses single-output FIS.

Two ANFIS are performed to model emotions: 
an ANFIS that uses Grid Partitioning instead of 
clustering techniques and the ANFIS that uses sub-
tractive clustering with a .4 ratio of acceptance, as 
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was done in the methods above. For both ANFIS, 
the system should be given training data in such 
a way that the system can “learn” from the data. 
Both ANFIS use a hybrid-learning algorithm that 
combines the least-squares and backpropagation 
gradient descent methods to identify the members-
hip function parameters; they were designed using 
the Anfis option available in Matlab.

Validation

Validation data. The database to validate the 
model is taken using Russell’s affect grid (Russell 
et al., 1989), which is a tool designed to describe 
the cognitive component of emotions and to record 
judgments about single instances of affect, i.e., 
to record judgements about a single event. This 
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approach is basically a quick means of assessing 
affect along the dimensions of the AV-Space.

The affect grid is a square net in which the cen-
ter represents a neutral emotion about the situation. 
The horizontal dimension represents the valence of 
the emotion, i.e., the right side represents a positi-
ve emotion, and the left side represents a negative 
emotion. The vertical dimension represents the 
convulsion degree, in such a way that the top means 
arousal and the bottom relaxation.

Figure 15 shows the affect grid. People are 
asked to mark an X wherever they consider that 
their emotions are better represented. The further 
the X is placed from the center, the higher the level 
of the dimension.

The data to validate the models were taken 
from ten students from EAFIT’s University who 
were coming to take the final test. Because there 
were some students that marked the same place in 
the grid, only six data were in the validating data 
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set; these values appear in Table 4. The first two 
columns are the Valence and Arousal coordinates; 
next are the angle and the intensity of the emotion. 
The last two columns show which emotions the 
student’s feeling is located between.

Table 4 
Validating data

Coordinates Angle Int. Emotion

-2 2 135 2.8 Frustration Depression

-3 3 135 4.2 Frustration Depression

-3 2 146 3.6 Frustration Depression

-1 1 135 1.4 Frustration Depression

3 0 0 3.0 Calm Happiness

2 4 63 4.5 Happiness Excitement

Results

Below we present the output of the Strongest 
Emotion model using the validating data to com-
pare the real values to the outcomes of the model. 

Additionally, we will present a comparison of the 
other four models using a measurement of distance.

Strongest Emotion Model: The Strongest Emo-
tion model produces values between 0 and 1 for 
each emotion: the emotion that shows the largest 
value is the predominant emotion. In the Strongest 
Emotion model, the output for any validating data 
set would come in a n × 6 matrix, where n is the 
number of validating data points (in this case 6), 
and each column is an emotion. Table 5 is the ou-
tput for the Strongest Emotion model; each num-
bered column is an emotion that corresponds to an 
output (the numbering matches the numeration in 
Table 3). The last column shows the emotion that 
predominates for each subject. The highest value 
is in bold, and the second highest value is in italics 
for each subject, i.e., for each row.

Using these results, a circular diagram can be 
constructed for each individual, to visualize the 
proportions among the emotions. Figures 16 and 
17 show the results for the first individual and the 
average for all of the students.

Relief

Enthusiasm

Depression

Stress

Extremely positiveExtremely negative

Extremely relaxed

Extremely arousal

Figure 15. Affect grid
Source: Russell (1989).
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Table 5 
Strongest Emotion model output

1 2 3 4 5 6 Emotion

1 .13 .48 .29 .13 .46 .13 Frustration

2 .11 .65 .15 .11 .16 .11 Frustration

3 .13 .65 .30 .13 .18 .13 Frustration

4 .13 .34 .34 .13 .16 .13 Frustration

5 .31 .12 .12 .65 .27 .15 Happiness

6 .14 .28 .13 .48 .74 .13 Excitement

Frustration  
30%

Depression  
17%

Happiness  
8%

Boredom  
8%

Excitement  
29%

Calm  
8%

Subject 1

Figure 16. Circular diagram for subject 1

Calm  
10%

Excitement  
22%

Boredom  
8%

Depression  
14%

Frustration  
28%

Happiness  
18%

Average

Figure 16. Circular diagram for the result’s average

Models that estimate the Angle and Intensi-
ty from the Arousal and Valence measurements: 
Mamdani’s model, Takagi-Sugeno’s model and 

both ANFIS attempt to estimate emotion from 
the measurements of Arousal and Valence, and as 
explained by the proposed models, they produce 
a vector with the emotion’s angle and the intensity 
of the emotion. Using this finding, it is possible 
to calculate the coordinates in AV-Space, and the 
distances between the estimated data and real data 
can be calculated to compare the methods. Table 6  
presents the Euclidean distances from the estimated 
point to the real point for each model. The Eucli-
dean distance is calculated as

( ) ( )( ) = +d p p x x y yˆ, – –1 2
2

1 2
2 (2)

Figure 17 shows the estimated points in 
AV-Space.

Table 6 
Comparison of the methods: Euclidean distance from the 
estimated points to each real point

Su
bj

ec
t

Mamdani’s 
model

Takagi-
Sugeno’s 

model

ANFIS 
using Grid 
partitioning

ANFIS using 
Subtractive 
clustering

1 .972 5.918 .230 .375

2 .732 8.383 .662 .344

3 1.253 3.406 .533 .145

4 1.761 1.161 .445 .686

5 5.973 6.376 4.810 4.569

6 .740 8.444 1.669 1.707

Discussion

Dynamic approach

The system proposed in Figure 7 shows an emo-
tion that is inferred from the cognitive component 
of emotion, i.e., an emotion that is inferred from an 
emotion. Because this paper was an introduction 
to show the relation between mathematical mo-
dels and emotions, the models proposed above are 
simple; nevertheless, there are many possibilities 
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for improving the capability of the models while 
adding the other two components of emotion (beha-
vioral and physiological) and the feedback shown 
on Figure 7, where emotion depends on both the 
previous emotion and the event.

AV-Space

As stated above in the explanation of the struc-
ture of emotions, the main problem for structuring 
emotions is language because emotion words ha-
ve different connotations in different countries. 
Russell’s results, the basis for AV-Space, which is 
used for mapping the emotions, are the results for 
his country.

After an exhaustive study, the authors deter-
mined that Russell’s results are appropriate to be 
applied in their culture; however, it would be an 

interesting experiment to create an AV-Space using 
the techniques proposed by Russell, to compare how 
people represent emotions in different countries.

Clustering and membership functions

Compared with Mandryk and Atkins’ work 
(Mandryk & Atkins, 2007), where five emotions are 
estimated from Arousal and Valence (also, Arousal 
and Valence are estimated from Physiological mea-
sures), it can be observed that the clusters that were 
established by the Fuzzy Clustering techniques are 
consistent with the groups that are recognized by 
psychologists to evaluate a play technology. The 
emotions that are used in their research appear in 
Figure 19; in contrast, in the present research, six 
clusters were used instead of five because using the 
six clusters accounts for the whole space.
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The difference resides in that Mandryk and 
Atkins’ research involved attempting to estimate 
emotions to evaluate the acceptance of a play te-
chnology, and those five emotions where sufficient 
(Mandryk & Atkins, 2007), but in the present paper, 
the idea was to build a model that allows estima-
ting emotions from any event; thus, there must be 
another emotion, which they did not consider when 
they developed their model: it would be calm be-
cause there is no relevance to whether a person is 
calm or not while playing.

Proposed models

The Strongest Emotion model is an adaptation 
of Mandryk and Atkins’ experiment without phy-
siological measures, i.e., modeling emotion from 
Arousal and Valence values and using six emotions 
instead five. As already stated, the fact of adding 
‘calm’ to the model allows the generalization of 
the model to inferred emotions from almost any 
singular event and not only for play technology 
acceptance.

Mamdani’s model, performed above, uses the 
membership functions that are found using clus-
tering techniques. This approach improves its per-
formance because of the optimal location of the 
centers and the form of the membership functions 
according to the space. However, Mamdani’s mo-
del is still weaker than the Adaptive Neuro-Fuzzy 
Inference Systems because of the high degree of 
knowledge that is needed by the deployer to de-
velop it. Even when it is still producing good re-
sults, it is important to evaluate what combination 
of properties (methods for evaluating the fuzzy 
operators) produces better results; for the model, 
the properties that make the model yield better 
outcomes (which are the outcomes presented in the 
results section) are presented in Table 7.

The Takagi-Sugeno’s model produces bad re-
sults even when the rules are modified. However, 
both ANFIS generate fuzzy systems of the type 
of Sugeno, which suggests that the system is not 
easier to adjust to a linear function and, clearly, it 
is not easy to syntonize manually the parameters 
to a non-linear function.

High
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Very low

Fun Excitement

Challenge

Frustration

Boredom

Figure 18. Mandryk and Atkins’ mapped emotions (2007)
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Table 7 
Properties that make Mamdani’s model yield better 
results

FIS Method

Angle

And Min

Or Max

Implication Min

Aggregation Probor

Defuzzification MOM

Intensity

And Min

Or Max

Implication Prod

Aggregation Max

Defuzzification Bisector

Finally, the improvement that was attained by 
obtaining the membership functions from the clus-
ters found is proven by comparing the two ANFIS 
because the angles were closer to the real angles 
in the second ANFIS.

Because the intensity has no significant clusters 
(which is why the membership functions of the 
intensity FIS in Mamdani’s and Takagi-Sugeno’s 
model were created by knowledge and not by 
the clustering techniques), the intensity for both 
ANFIS was similar, which makes the Euclidean 
distances offset.

In the validating data, a peculiar point appears 
that no model could estimate properly: the point 
(3.0). Additionally, this point was in the training 
data, which means that the ANFIS were not lear-
ning from it. The hypotheses to explain this beha-
vior is that this point belongs to three membership 
functions at the same time, for each input, and thus, 
the model cannot determine correctly the value of 
this point.

The results are considered to be accurate, be-
cause even when the angles were not exactly the 
same as the real angles, the errors were small, and 
in general, the results explained the emotions of 
the person.

Conclusions

The present paper demonstrated that dynamical 
systems theory can be reinforced by Psychology 
such concepts as attention or emotions, and that 
specifically, the theory of emotions can be useful 
for mathematical computations for control, design 
and affective computation. Additionally, it has 
been proven that tools that originated in the ‘hard’ 
sciences, such as systems theory, can be applied to 
solve problems in Psychology. To reach a consen-
sus between these theories could open unexpected 
possibilities in the study of the human psyche. This 
opportunity means that both sciences can be stu-
died and applied together, for the benefit of both.

The possible applications of Mathematical tools 
in Social Psychology have been shown, and the few 
applications shown in the present paper confirmed 
the notion of the importance of using mathematical 
approaches to every branch of knowledge.

Finally, we developed four models based on 
artificial intelligence that estimate with a certain 
precision the emotional state of a person with 
respect to a single event, from a rating of Arousal 
and Valence. This result means that with a rating 
of the level of agitation and the level of goodness 
of the event, it was possible to define the emotion 
that would predominate in a person. Thus, without 
requiring an extensive questionnaire, it is easy to 
have a notion of the reaction that a specific event 
would cause in a person.
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Appendix A. Review of the main emotion’s feature  
(Redorta et al., 2006; Campos et al., 1989)

Emotion Function Families Stimuli Action Features

Fe
ar

Adaptive:
Protection
To Survive

Terror, horror, unea-
siness, panic, dread, 
unrest, shyness, sca-
re, phobia

Threat
Imminent 
danger

R
un

, e
sc

ap
e

Pe
rf

or
m

an
ce

Level of arousal

Under  
arousal

Optimum  
arousal

Over  
arousal

A
ng

er

Adaptive:
Destruction of 
the obstacle to
achieving the 
goal 

Rage, cholera, rancor, 
hate, fury, indigna-
tion, resentment, ten-
sion, anger, animad-
version

Feeling of been 
harmed

A
tta

ck
, d

es
tro

y •	Appears from the belief of others about 
one self.

•	The further a person thinks about what 
caused the anger, the more anger is felt.

•	Thoughts like: “must be good” “Should 
treat me right”Leer fonéticamente

Sa
dn

es
s

Functional:
Rebind
To save cogni-
tive energy to 
find problem 
solutions

Depression, frustra-
tion, disappointment, 
affliction, penalty, 
pain, despite, grief, 
pessimism, melan-
choly, loneliness

Loss
Deteriorating 
the relation with 
the environment C

ry
, S

le
ep •	Appears from: thoughts “all or nothing”, 

Over generalizing, mental Filtering, pre-
cipitated conclusions, problem amplifica-
tion, hypothetical affirmations 

Su
rp

ris
e

Instrumental:
Orientation
To prepare the 
subject to ex-
periment with 
an emotion

Strangeness, bewil-
derment, amazement, 
stupor.

Unexpected 
event

Su
rp

ris
e 

is
 a

n 
am

bi
gu

ou
s e

m
o-

tio
n.

 

•	Increment on the cognitive energy

H
ap

pi
ne

ss

Reproduction, 
Socialization, 
Incorporation.
To maintain 
the behavior 
of the orga-
nism 

Enthusiasm, eu-
phoria, excitement, 
happy, delight, fun, 
pleasure, ecstasy, re-
lief, joy, satisfaction.

Social relations, 
Successful 
experience, Sa-
tisfaction, Pro-
blem solution La

ug
h,

 h
av

e 
fu

n.

•	Appears from facts that evidence the reali-
zation of the goals.

•	Happiness is contagious, similar to sad-
ness.

D
is

pl
ea

su
re

Rejection

Hostility, aversion, 
acrimony, contempt, 
animosity, antipa-
thy, resentment, 
suspicion, disgust, 
bitterness

Something does 
not reach the 
expectations

C
on

fr
on

ta
tio

n

•	Appears from devaluating, blaming, and 
penalizing others’ behavior.

Source: Own elaboration.
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Appendix B. A review of the emotions’ discrete structure

Theories Features

Facial expression

Paul Ekman (1993) proposed a set of basic emotions that were based on facial expressions; 
nevertheless, he rejected his own classification when he found some emotions that have no 
expression and that there are some others that have the same nuances, and thus, it was impossible 
to differentiate between them.

Autonomic Nervous Sys-
tem pattern of activity

Study what is the answer of the nervous system for each emotion (Ekman, Levenson and Friesen, 
1983) and aims to find patterns on the answers.

Cognitive appraisal
Roseman et al. (1990) proposed a model of emotions using the events appraisal process, in which 
the events are considered to be consistent if they collaborate with the goals of the subject, or 
inconsistent if not.

Presupposed Structure
Ortony et al. (1988) proposed a model according to the goals of the subject, which are divided 
into A-Goals (high level targets), I-Goals (implicit targets, such as the preservation of life) and 
R-Goals (short-term goals such as eat)

Behavioral response and 
tendency to action

Plutchik (1980) assumed that emotions have an adaptive function. He proposed eight basic emo-
tions (Fear, anger, happiness, sadness, displeasure, anticipation, surprise and approval), which he 
called “prototypical emotions”.

Self-categorizing Study how people think about their own emotions.

Neuroscience
Study the brain. From neuroscience, there have been many advances in the study of emotions. For 
example, it has been proven that the left brain is more rational than the right brain. Additionally, it has 
been demonstrated that the chemical composition of sadness tears is different than happiness tears.

Source: Own elaboration based on Russel and Feldman Barret (1999).

Appendix C. Emotions and angles (in degrees) in AV-Space (Russel, 1980)

# EMOTION M.S* U.S** D.C*** Av. # EMOTION M.S* U.S** D.C*** Av.

1 Happy 20 34 9 20 15 Gloomy 216 211 209 214

2 Delighted 45 40 25 43 16 Depressed 206 201 210 204

3 Excited 73 52 49 52 17 Bored 226 224 242 225

4 Astonished 77 80 68 77 18 Droopy 239 244 256 244

5 Aroused 94 68 72 72 19 Tired 243 274 268 268

6 Alarmed 121 115 95 115 20 Sleepy 270 292 273 272

7 Tense 144 120 92 120 21 Calm 335 332 316 334

8 Angry 139 130 98 135 22 Relaxed 327 326 318 327

9 Afraid 133 117 117 117 23 Satisfied 356 347 320 347

10 Annoyed 156 142 122 142 24 Serene 331 335 321 333

11 Distressed 155 154 138 155 25 Content 352 350 324 351

12 Frustrated 162 140 140 140 26 At ease 338 333 330 334

13 Miserable 200 186 189 188 27 Glad 20 20 350 20

14 Sad 216 203 207 205 28 Pleased 14 13 354 14

*: Multidimensional scaling **: Unidimensional scaling ***: Ross’ Direct Circular Technique
Source: Own elaboration
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Appendix D. Rule Bases for Mamdani’s Model

•	 Arousal-Valence to Angle:

1. If (Valence is VeryLow) and (Arousal is VeryLow) then (Angle is Depression)
2. If (Valence is VeryLow) and (Arousal is Low) then (Angle is Depression)
3. If (Valence is VeryLow) and (Arousal is MidLow) then (Angle is Depression)
4. If (Valence is VeryLow) and (Arousal is MidHigh) then (Angle is Depression)
5. If (Valence is VeryLow) and (Arousal is MidHigh) then (Angle is Frustration)
6. If (Valence is VeryLow) and (Arousal is High) then (Angle is Frustration)
7. If (Valence is VeryLow) and (Arousal is VeryHigh) then (Angle is Frustration)
8. If (Valence is Low) and (Arousal is VeryLow) then (Angle is Boredom)
9. If (Valence is Low) and (Arousal is Low) then (Angle is Boredom)
10. If (Valence is Low) and (Arousal is Low) then (Angle is Depression)
11. If (Valence is Low) and (Arousal is MidLow) then (Angle is Depression)
12. If (Valence is Low) and (Arousal is MidHigh) then (Angle is Depression)
13. If (Valence is Low) and (Arousal is MidHigh) then (Angle is Frustration)
14. If (Valence is Low) and (Arousal is High) then (Angle is Frustration)
15. If (Valence is Low) and (Arousal is VeryHigh) then (Angle is Frustration)
16. If (Valence is MidLow) and (Arousal is VeryLow) then (Angle is Boredom)
17. If (Valence is MidLow) and (Arousal is Low) then (Angle is Boredom)
18. If (Valence is MidLow) and (Arousal is MidLow) then (Angle is Boredom)
19. If (Valence is MidLow) and (Arousal is MidLow) then (Angle is Depression)
20. If (Valence is MidLow) and (Arousal is High) then (Angle is Frustration)
21. If (Valence is MidLow) and (Arousal is High) then (Angle is Excitement)
22. If (Valence is MidLow) and (Arousal is VeryHigh) then (Angle is Frustration)
23. If (Valence is MidLow) and (Arousal is VeryHigh) then (Angle is Excitement)
24. If (Valence is MidHigh) and (Arousal is VeryLow) then (Angle is Boredom)
25. If (Valence is MidHigh) and (Arousal is VeryLow) then (Angle is Calm)
26. If (Valence is MidHigh) and (Arousal is Low) then (Angle is Boredom)
27. If (Valence is MidHigh) and (Arousal is Low) then (Angle is Calm)
28. If (Valence is MidHigh) and (Arousal is MidLow) then (Angle is Boredom)
29. If (Valence is MidHigh) and (Arousal is MidLow) then (Angle is Calm)
30. If (Valence is MidHigh) and (Arousal is MidHigh) then (Angle is Happiness)
31. If (Valence is MidHigh) and (Arousal is MidHigh) then (Angle is Excitement)
32. If (Valence is MidHigh) and (Arousal is High) then (Angle is Excitement)
33. If (Valence is MidHigh) and (Arousal is VeryHigh) then (Angle is Excitement)
34. If (Valence is High) and (Arousal is VeryLow) then (Angle is Calm)
35. If (Valence is High) and (Arousal is Low) then (Angle is Calm)
36. If (Valence is High) and (Arousal is MidLow) then (Angle is Calm)
37. If (Valence is High) and (Arousal is MidHigh) then (Angle is Happiness)
38. If (Valence is High) and (Arousal is MidHigh) then (Angle is Excitement)
39. If (Valence is High) and (Arousal is High) then (Angle is Happiness)
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40. If (Valence is High) and (Arousal is High) then (Angle is Excitement)
41. If (Valence is High) and (Arousal is VeryHigh) then (Angle is Excitement)
42. If (Valence is VeryHigh) and (Arousal is VeryLow) then (Angle is Calm)
43. If (Valence is VeryHigh) and (Arousal is Low) then (Angle is Calm)
44. If (Valence is VeryHigh) and (Arousal is MidLow) then (Angle is Calm)
45. If (Valence is VeryHigh) and (Arousal is MidHigh) then (Angle is Happiness)
46. If (Valence is VeryHigh) and (Arousal is High) then (Angle is Happiness)
47. If (Valence is VeryHigh) and (Arousal is VeryHigh) then (Angle is Happiness)
48. If (Valence is VeryHigh) and (Arousal is VeryHigh) then (Angle is Excitement)

•	 Arousal-Valence to Intensity:

1. If (Valence is VeryLow) and (Arousal is VeryLow) then (Intensity is High)
2. If (Valence is VeryLow) and (Arousal is Low) then (Intensity is High)
3. If (Valence is VeryLow) and (Arousal is MidLow) then (Intensity is High)
4. If (Valence is VeryLow) and (Arousal is MidHigh) then (Intensity is High)
5. If (Valence is VeryLow) and (Arousal is High) then (Intensity is High)
6. If (Valence is VeryLow) and (Arousal is VeryHigh) then (Intensity is High)
7. If (Valence is VeryLow) and (Arousal is MidLow) then (Intensity is Middle)
8. If (Valence is Low) and (Arousal is VeryLow) then (Intensity is High)
9. If (Valence is Low) and (Arousal is Low) then (Intensity is Middle)
10. If (Valence is Low) and (Arousal is MidLow) then (Intensity is Middle)
11. If (Valence is Low) and (Arousal is MidHigh) then (Intensity is Middle)
12. If (Valence is Low) and (Arousal is High) then (Intensity is High)
13. If (Valence is Low) and (Arousal is VeryHigh) then (Intensity is High)
14. If (Valence is MidLow) and (Arousal is VeryLow) then (Intensity is High)
15. If (Valence is MidLow) and (Arousal is VeryLow) then (Intensity is Middle)
16. If (Valence is MidLow) and (Arousal is Low) then (Intensity is Middle)
17. If (Valence is MidLow) and (Arousal is MidLow) then (Intensity is Middle)
18. If (Valence is MidLow) and (Arousal is MidLow) then (Intensity is Low)
19. If (Valence is MidLow) and (Arousal is MidHigh) then (Intensity is Low)
20. If (Valence is MidLow) and (Arousal is MidHigh) then (Intensity is Middle)
21. If (Valence is MidLow) and (Arousal is High) then (Intensity is High)
22. If (Valence is MidLow) and (Arousal is High) then (Intensity is Middle)
23. If (Valence is MidLow) and (Arousal is VeryHigh) then (Intensity is High)
24. If (Valence is MidHigh) and (Arousal is VeryLow) then (Intensity is High)
25. If (Valence is MidHigh) and (Arousal is Low) then (Intensity is Middle)
26. If (Valence is MidHigh) and (Arousal is MidLow) then (Intensity is Middle)
27. If (Valence is MidHigh) and (Arousal is MidHigh) then (Intensity is Middle)
28. If (Valence is MidHigh) and (Arousal is High) then (Intensity is Middle)
29. If (Valence is MidHigh) and (Arousal is VeryHigh) then (Intensity is High)
30. If (Valence is High) and (Arousal is VeryLow) then (Intensity is High)
31. If (Valence is MidHigh) and (Arousal is High) then (Intensity is High)
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32. If (Valence is High) and (Arousal is Low) then (Intensity is High)
33. If (Valence is High) and (Arousal is MidLow) then (Intensity is High)
34. If (Valence is High) and (Arousal is MidHigh) then (Intensity is High)
35. If (Valence is High) and (Arousal is High) then (Intensity is High)
36. If (Valence is High) and (Arousal is MidLow) then (Intensity is Middle)
37. If (Valence is High) and (Arousal is MidHigh) then (Intensity is Middle)
38. If (Valence is High) and (Arousal is VeryHigh) then (Intensity is High)
39. If (Valence is VeryHigh) and (Arousal is Low) then (Intensity is High)
40. If (Valence is VeryHigh) and (Arousal is VeryHigh) then (Intensity is High)
41. If (Valence is VeryHigh) and (Arousal is High) then (Intensity is High)
42. If (Valence is VeryHigh) and (Arousal is MidLow) then (Intensity is High)
43. If (Valence is VeryHigh) and (Arousal is MidHigh) then (Intensity is High)
44. If (Valence is VeryHigh) and (Arousal is VeryLow) then (Intensity is High)
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